Abstract. We present a systematic study of capillary filling for a binary fluid by using a mesoscopic lattice Boltzmann model for immiscible fluids describing a diffusive interface moving at a given contact angle with respect to the walls. The phenomenological way to impose a given contact angle is analysed. Particular attention is given to the case of complete wetting, that is contact angle equal to zero. Numerical results yield quantitative agreement with the theoretical Washburn's law, provided that the correct ratio of the dynamic viscosities between the two fluids is used. Finally, the presence of precursor films is experienced and it is shown that these films advance in time with a square-root law but with a different prefactor with respect to the bulk interface.
Introduction
Capillary filling is an important subject of research for its relevance to microphysics and nanophysics [1, 2] , which deal with the development of modern nanofluidic devises, as well as with various applications of porous materials.
The fundamental physics of capillary filling has been widely studied from the pioneering works of Washburn [3] and Lucas [4] and the basic equations of such problem have been Send offprint requests to: chibbaro@iac.rm.cnr.it put forward since decades [5, 6] . However, since capillary filling is a typical "contact line" problem, where subtle non-hydrodynamic effects take place at the contact point between liquid-gas and solid phase, it remains an important subject of experimental and theoretical present research at micro and nano-scales [7, 8, 9, 10] . Usually, only the late asymptotic stage is studied, leading to the wellknown Washburn's law, which predicts the following rela-tion for the position of the interface inside the capillary:
where γ is the surface tension between liquid and gas, θ is the static contact angle, µ is the liquid dynamic viscosity, H is the channel height and the factor 3 depends on the geometry of the channel (here a two dimensional geometry given by two infinite parallel plates separated by a distance
H -see fig. 1 ).
Experiments of such phenomena are quite difficult, mainly at nanoscopic scales, and thus numerical simulations are an essential tool for the investigation of this problem. One possible approach is based upon an atomistic description, where Newton's equations are integrated for a set of molecules, which interact typically via a LennardJones potential [11] . This idea is behind the molecular dynamics (MD) approach, which is regarded to reproduce rather well the reality. However, its computational efficiency is very low and macroscopic scales are very hard to reach. Therefore, different models have to be investigated. The Lattice-Boltzmann (LB) method [12, 14, 15] has been materialising during the last decades as an efficient and powerful mesoscopic way to simulate complex flows. Recently, this approach has been also assessed for the description of fluid-solid interactions, which have a major role for micro-and nanoscopic applications [16, 17] .
In particular, different models for slip boundary conditions and wetting properties have been put forward [31, 18, 24, 19, 27] . Given that the LB phenomenological description
is not based on atomistic details but on average properties, this mesoscopic model looks promising for those applications which can not be described within a pure continuum framework but do not require a fully atomistic treatment. Many interesting and challenging phenomena can be placed in this category, like impact of a droplet on solid walls, capillary dynamics and water repellency on structured surfaces [20, 21, 22] .
In this work, we propose to use the Lattice-Boltzmann 
Model
In this work we use the multicomponent LB model proposed by Shan and Chen [23] . This model allows for distribution functions of an arbitrary number of components, with different molecular mass:
where f 
In the above equations c i 's are discrete velocities, defined as follows
, sin
in the above, α k is a free parameter related to the sound speed of the kth component, according to (c
is the number density of the kth component. The mass density is defined as ρ k = m k n k , and the fluid velocity of the kth fluid u k is defined through
, where m k is the molecular mass of the kth component. The equilibrium velocity u eq k is determined by the relation
where U is the common velocity of the two components.
To conserve momentum at each collision in the absence of interaction (i.e. in the case of F k = 0) U has to satisfy the relation
The interaction force between particles is the sum of a bulk and a wall components. The bulk force is given by
where G kk is symmetric and Ψ k is a function of n k . In our model, the interaction-matrix is given by
where g kk is the strength of the interparticle potential between components k andk. In this study, the effective number density Ψ k (n k ) is taken simply as Ψ k (n k ) = n k .
Other choices would lead to a different equation of state (see below).
At the fluid/solid interface, the wall is regarded as a phase with constant number density. The interaction force between the fluid and wall is described as
where ρ w is the number density of the wall and g kw is the interaction strength between component k and the wall. Recently, a different approach has been proposed, which is able to give an "a priori" estimate of the static contact angle from the phenomenological parameter [39] . Nevertheless, we have preferred to retain our "a posteriori" method for its simplicity and efficiency.
In a region of pure kth component, the pressure is given 
which represents a non-ideal gas law.
The Chapman-Enskog expansion [15] shows that the fluid mixture follows the Navier-Stokes equations for a single fluid:
where ρ = k ρ k is the total density of the fluid mixture, the whole fluid velocity u is defined by ρu
k F k and the dynamic viscosity is given by µ = ρν =
Theoretical analysis
For the geometry set up considered in this work, see fig. 1, we propose a general model which can be integrated (in this paper we have used the software "Mathematica")
to provide a semi-analytical solution to be compared with numerical results.
The Washburn's law (1) holds when inertial forces can be neglected with respect to the viscous and capillary ones [5] . This is not true in the early stage of the filling process, typically a few nanoseconds for micro-devices, where strong acceleration drives the interface inside the capillary.
Another important effect is the "resistance" of the gas occupying the capillary during the liquid invasion. This resistance is due to the finite value of the gas density and is a sensitive issue for numerical simulations, because reaching the typical 1 : 1000 density ratio between liquid and gas of experimental set up, represents a challenge for most numerical methods. In order to take into account both effects, inertia and gas dynamics, one may write down the balance between the total momentum change inside the capillary and the force (per unit width) acting on the liquid+gas system:
where M (t) = M g + M l is the total mass of liquid and gas inside the capillary at any given time. The two forces in the right hand side correspond to the capillary force, F cap = 2γcos(θ), and to the viscous drag
. We consider the Poiseuille solution for a channel, namely:
is the interface mean velocity,
Inserting this expression in the viscous force and following the notation of fig.(1) , one obtains the final expression (see also [32,27] for a similar derivation:
In the above equation for the front dynamics, the terms in the LHS take into account for the fluid inertia. Since these terms are proportional either to the acceleration or to the squared velocity, they become negligible for long times, as the velocity becomes negligible too. The right hand side takes into account for the forces. The presence of two viscous forces related to both liquid and gas components indicates that a gas resistance is felt for µ g /µ l = 0. Thus, Washburn's law (1) is correctly recovered asymptotically, for t → ∞ and in the limit µ g /µ l → 0.
Numerical Results
In figure 1 
where z 0 is the starting point of the interface at the beginning of the simulation, t d = once α 1 has been chosen through the relation
This way, a density ratio of 1 : 1000 can be obtained, as shown in figure 2 , where a droplet of fluid of density ρ 2 = 1 is in equilibrium with a surrounding second component of density ρ 1 = 1/1000. Notably, this configuration has been obtained with α 1 = 0, α 2 = 0.998 with a strength of the interaction potential imposed to be g 12 = g 21 = 0.5.
Unfortunately, this is valid in a static case, but it is not stable for dynamic ones, since the corresponding value of c 2 s is so low that this component is affected by high-Mach number effects and, thus, cannot be correctly described in terms of our LB model. Furthermore, we have carried out numerical simulations varying the density ratio and we have found that the highest density ratio attainable in our framework without the arising of instabilities is 1 : 3.
This result is in agreement with what was found in a recent article devoted to this issue [36] , but it is the first time that a complete dynamical test-case is considered.
More specifically, the values chosen for this configuration are: α 1 = 4/9, α 2 = 0.8 with the strength of interaction potential imposed to be g 12 = g 21 = 0.065. Recently, it has been pointed out that higher density ratios may be obtained also in microflows considering self-and crosscollisions [37] . Nevertheless, this strategy is based upon complex modelling and interpolation techniques, which could result computationally too demanding for general dynamical cases. Therefore, in order to model the usual situation of two fluids with very different densities as air and water or water in equilibrium with its vapour (in these cases the density ratio is ≈ 500), we propose to work on viscosity values. Looking at eq. (15), it is readily seen that the asymptotic behaviour is controlled just by the ratio µ 1 /µ 2 and is independent of ρ 1 , ρ 2 . Thus, keeping a density ratio of 3, we can describe different binary fluids changing appropriately the value of kinematic viscosity in order to get the correct ratio between the dynamical viscosities. This is sufficient to obtain a correct macroscopic description of the flow. In particular, we have chosen:
and, as described above,
This choice corresponds to a dynamical viscosity ratio which can approximately describe the case of the capillary filling of water in air. In this configuration the surface tension has been computed to be γ ≈ 0.02 via the Laplace's law which states that at equilibrium γ = ∆p R for a drop of radius R.
We have seen that the desired wettability, that is a given contact angle, can be introduced in our model through a phenomenological force [31, 38] , whose expression is given by (11). Thus, the interaction with the walls is characterised by a phenomenological force proportional to g 1w ρ w
and g 2w ρ w , respectively for component 1 and 2, where g 1w and g 2w are independent. Therefore, two different scenar- Then, we have concentrated our attention on the case of complete wetting. In order to obtain this configuration it is necessary to strengthen the interaction with the wall.
In figure 5 , we show results for the different configurations Finally, we have investigated the existence and the behaviour of precursor films, whose presence is indicated by a thin layer of liquid near-to-the-wall which penetrates the capillary ahead the bulk meniscus. The presence and the importance of precursors film has been first recognised by
De Gennes [1] and much attention has been devoted to it [40] , especially for the case of a spreading drop. Some experiments have been attempted even at nanometric scale [41] . In our numerical simulations, we have observed that a thin layer (1 − 2 grid points) of liquid attached to the walls tends to penetrate faster, indicating the formation of a precursor film. The density of the film tends to decrease with the distance from the bulk of the liquid, since only some "molecules" escape from the bulk and they can not create a film as dense as the bulk liquid far away form the bulk interface. We define the end of this film at the point where the density of the liquid becomes 1/3 the bulk density. In figure 6 , a snapshot of the density is shown which supports visually the presence of this precursor film. It is interesting to note that the layer is almost limited to the first point near to the wall, as observed in molecular dynamics simulations [29] . In figure 7 , we analyse the dynamical behaviour of precursors. In figure 7 , the front displacement in time of both the front at the centre of the interface between the two components and the precursor fitted with a square-root with a pre-factor of a = 0.1. In the very early stage (t < 5000), the numerical curve of the difference shows a kink indicating that it advances faster than according to a square-root law, see fig. 8 . This can be probably explained by the fact that, during this initial time, the bulk front is affected by a "vena contracta" effect, which reflects the non-trivial matching between the reservoir and the capillary dynamics at the inlet [42] .
These results appear to be in line with recent molecular dynamics findings [29] and also with experiments at macroscopic scales [43] .
Conclusions
In this work, we have studied the penetration of one fluid 
